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ABSTRACT

5
This paper is concerned with nonlinear eigenvalue problems of boundary

value problems for ordinary differential equation posed on an infinite

interval. It is shown that under certain analyticity assumptions - a domain
in the complex plain can be identified, in which all eigenvalues are
isolated. An intriguing way to solve such problems is to cut the infinite
interval at a finite but large enough point and to impose additional, so
called asymptotic boundary conditions at this far end. The obtained eigenvalue

problem for the two point boundary value problem on this finite but large
interval can be solved by any appropriate code. In this paper suitable

asymptotic boundary conditions are devised and the order of convergence, as

the length of the interval, on which thegse approximating problems are posed,

Exponential convergence is shown for

converges to infinity, is investigated.

well posed approximating problems. .
S
s ‘ f
<!,
AMS (MOS) Subject Classifications: 34825, 34D05, 34805, 34P30 o A
F14 F
Key Words: Spectral theory of boundary value problems, Asymptotic @; : g;
properties, Asymptotic expansion, Nonlinear eigenvalue problems B IRA
Bl
Work Unit Number 3 (Numerical Analysis and Computer Science) :?! :\3;
Afon
w
-\ toh, ‘
v, ! E
=l ow
. [

*Institut fur Angewandte Mathematik, The Technical University of Vienna,

Austria, Gusshausstrasse 25, A-1040 Wien, Austria.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041 and
This material is based upon

the Austrian Ministry for Science and Research.
work supported by the National Science Foundation under Grant No. MCS-7927062,

Vs




SIGNIFICANCE AND EXPLANATION

This paper deals with the analysis and approximation theory of nonlinear
eigenvalue problems for boundary value problems of ordinary differential
equation posed on an infinite interval. These problems have the following
forms. We have a linear homogeneous system of ordinary differential equation
depending nonlinearly on a complex parameter A. This system is defined on
the interval [to,w] where to is some finite point. Moreover we have
linear homogenous boundary conditions at tg and a continuity requirement at
infinity. We look for values of the parameter A so that a function y {0
exists which fulfills the system of differential equation over the whole
interval [to,w), the boundary conditions at tg and the continuity

requirement at infinity.

Problems of this kind frequently occur in fluid mechanics when the
stability of a laminar boundary layer is investigated (Orr-Sommerfeld problem)

and in quantum physics.

In this paper properties of the eigenvalues A and the eigenfunctions

y are investigated.

An intriquing way to solve such problems is to cut the infinite interval
at a finite but large enough point T and to impose additional - so called
asymptotic - boundary conditions at T, which substitute the continuity
requirement at infinity. The resulting finite eigenvalue problem can be

solved by any appropriate code, for example by collocation methods.

Suitable asymptotic boundary conditions are derived and the convergence
of eigenvalues and eigenfunctions as the length of the interval, on which the
finite approximating problems are posed, converges to infinity, is

investigated. Exponential convergence is shown for the most important cases.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.




NONLINEAR EIGENVALUE PROBLEMS ON INFINITE INTERVALS
Peter A. Markowich and Richard Weiss*

1. INTRODUCTION.

This paper is concerned with nonlinear eigenvalue problems of the following form

y' = t%(t, Ny, 1<t <w, q> -1 (1.1)

B(M)y(t) =0 (1.2)

y € C({1,%]) e« vy € C([1,=)) and 1lim y(t) exists (1.3)
t+oo

where y is an n-vector and A(t,)) is an n x n matrix. Equation (1.1) has a
singularity of the second kind of rank a + 1 in t = e,
A solution of (1.1), (1.2), (1.3) is given by a pair (y,y), u € C such that y k0

fulfills (1.1), (1.2) with X =y and (1.3). Eigenvalue problems on infinite intervals

occur frequently in quantum mechanics and in fluid mechanics, when the stability of laminar

flows over infinite media is investigated (see Ng and Reid (1980)).

Lol

de Hoog and Weiss (1980a) and Markowich (1980a) treated linear eigenvalue problems on
infinite intervals, i.e. A(t,}\) = Ao(t) + XA1(t) and AO,A1 € c([1,«]) and B(\A) = B.
It was shown that all eigenvalues X of this linear eigenvalue problem, for which the
matrix A(o,})) = AO(W) + XA1(w) has no eigenvalue on the imaginary axis, are isolated, if
not all X @ C are eigenvalues. Moreover if A1(¢) = 0 there is an infinite sequence of
eigenvalues Xi which fulfill Ixil + o, de Hoog and Weiss (1980a) also proved that the
spectral subspces are finite dimensional.

The first goal of this paper is to show the generalization of the isolatedness-

statement to nonlinear eigenvalue problems assuming that B(A), A(t,)) are analytic in '

re ¢ D, where Q is the domain in which A(e«,X) has no eigenvalue on the imaginary
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axis. The analyticity is supposed to hold for all t @ (1,»] and A(t,)) is jointly
continuous in [1,®] x . The number of rows of the matrix B()) is assumed to equal

r_, which is the sum of algebraic multiplicities of eigenvalues of A(w,)) with negative
real part for X ¢ Q.

The second goal of this paper is to investigate the approximating eigenvalue problems

%y = t"n(t,x)x,r, 1<EKT, T 1 (1.3)
B(Ax,(1) = 0 (1.4)
S(Nx(T) = 0 (1.5)

where S(A) is a suitably chosen matrix with r,=n=-r_ rows.

The main question arising here is to find out which matrices S{(1) lead to
convergence of the eigenvalues and eigenfunctions of these approximating problems to the
eigenvalues and eigenfunctions of (1.1), (1.2), (1.3) as T + », A class of matrices

S{)) which implies exponential convergence will be identified. The convergence results
are the generalization of the results obtained by Markowich (1980a) for linear eigenvalue
problems. As Markowich (1980a) pointed out there is not always (even in the case of a
linear eigenvalue problem) an obvious way to choose the suitable S which is independent
of ). However there is an intrinsic way (see Keller (1976)) to set up an ‘asymptotic’
boundary condition S depending on ). Therefore these 'finite' eigenvalue problems are,
even in the case of a linear 'infinite' problem, nonlinear.

This paper is organized as follows, in Chapter 2 nonlinear finite dimensional
eigenvalue problems are discussed, Chapter 3 is concerned with the case when A |is
independent of t, in Chapter 4 this restriction is dropped and Chapter 5 is concerned

with examples illustrating the theory.




2. FINITE DIMENSIONAL NONLINEAR EIGENVALUE PROBLEMS.

Let A(X) be a k x k matrix, holemcrphic in some domain QC C. A value yu € C

for which the linear equation
A(w)E =0, £ #*¢C (2.1)
possesses a solutlon, is called an eigenvaine and £ is a corresponding eigenvector. Let
detA()) denote the determinant of A()). Since (2.1) holds {ff detA(y) = 0 it follows
from the identity theorem of holomorphic functions that either all ) € Q are eigenvalues
or every compact subset of § contains at most finitely many eigenvalues.
let ¢ € (0,:01 be a real parameter and B(),e) be a k x k matrix, holomorphic in
Q1 for all ¢ € (O,eol and fulfilling
lim sup ¥B(X,e)d = 0 for all A compact, A CQ (2.2)
e+0 Aep
where 1+1 denotes some matrix norm. Now consider the perturbed nonlinear eigenvalue
problem
Clx,e)E = (A(X) + B(XA,e))E=0, E %0 (2.3)
Since
lim detC(1,€e) = deta(1) (2.4)
€+0
ve may employ standard perturbation results for zeros of holomorphic functions. Therefore,
let u be a root of order s of detA(A) =0, 8 be a neighbourhood of yu and
b(e) = sup ldetA()) - detC(),e)l (2.5)
pU-1:]
Then we jget
Theorem 2.1.
(i) wWhen € is sufficiently small there are precisely s eigenvalues u;,...,ui of

(2.3) near u (counting multiplicitiee) and they satisfy

1
3

-l s const.b(e)®, § = 1,..4,8 (2.6)

lu
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(ii) The mean
s
i
2.7
Z Ve ( )
fulfills
|ue - pul < const.b(e) . (2.8)

The perturbation statement for the eigenvectors is weaker.

Theorem 2.2. Let en +0 as n + o and let Es be a sequence of eigenvectors of (2.3)

n

(with norm one) each of them belonging to a uz for i=1,...,8, then there is a
n
subsequence Ec which converges to an eigenvector £ with norm one of (2.1) and
"k
1
inf -5 1< const.b(en)s (2.9)
EEN(A( 1)) n

N(A(u)) denotes the nullspace. A proof can be found in G. Vainniko (1976), par. 4.

In the case of a linear eigenvalue problem A(A) =z A - AI we get a stronger
perturbation result for eigenvectors if the algebraic and geometric multiplicity of the
eigenvalue 4y 1is equal to one. Therefore we define:

Definition 2.1, The elgenvalue y of (2.1) is called simple if 1y is a zero of order
one of QetA(1) = 0.
It is easily seen that y is a simple eigenvalue of (2.1) iff det(A(uy) + TA'(y)) = 0 has
a zero of order one at 1 = 0 which holds iff 1 = 0 is an eigenvalue of geometric and
algebraic multiplicity 1 of the generalized linear eigenvalue problems
(Alp) + TA’(W)E =0 . (2.10)

We get

Theorem 2.3. Let u be a simple eigenvalue of (2,1). Then:

(i) for ¢ sufficiently small there is a unique eigenvalue ue of (2.3) and it
satisfies
luE - ul < const ldetA(y) - detClu,e)l (2.11)
(ii) for every “e there is exactly one eigenvector Ee (with norm one) of (2.3)
which satisfies

nse ~ E0 & const }JdetA(y) - detCly,e)l (2.12)

-4-
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Proof. The equations
C(X.E)Ee =0, IECI =1 (2.13)
where 1+l indicates the euclidean norm in Ck are a nonlinear system of equations for
(us,ie). The Frechet derivative of the unperturbed problem (¢= 0) at (u,f) is given

by the matrix

Al A'(wE
(2.14)
£ 0
which is nonsinqular oecause y is simple. (i) and (ii) follow in a straight forward way

by applying the techniques of Keller (1975) and Vainniko (1976) par. 4. Here 6 shrinks

to the point yu.

We conclude this section with a result on holomorphic families of projections.

Theorem 2.4. Let P(}) : Ck + ck be'a family of projections holomorphic for X € Q. Then

(» for any pair (A1,A2) € @ x  there is a nonsingular n x n matrix Q(x1,x2)

such that
. -1 R
P(X1) = Q(X1,X2) P(Xz)Q(X1.X2) (2.15)

(ii) P(x1)ck is isomorphic to p(xz)ck for all A,,Xz Qe

(iii) Let r = rank P()). Then there is a k x k matrix of rank r, holomorphic in

.

1, whose columns span P(X)Ck.

Proof. (i) follows from Kato (1966) ;nd (ii), (iii) follow easily from (i).

!
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3. NONLINEAR CONSTANT - COEFFICIENT EIGENVALUE PROBLEMS.

We consider

y' =tT Ay, 1<t<m g5 -1 (3.1)
B(A)y(1) =0 (3.2)
y € c({1,a]) (3.3}

where A(A) # 0 is an n xn matrix.
The analysis for these problems will outline the approach for the more complicated
case, when A is also a function of the independent variable t. We assume that
A(+), B{°+) are holomorphic in some domain ¢ in the complex plain and that there is a
domain Q@ C ¢, so that A()A) has no eigenvalue v(A) with vanishing real part.
Therefore A()) for all i € Q@ has aifixed number of eigenvalues with a negative real
part, which we call r_ and a fixed number of eigenvalues with & positive real part, which H

we call r (r+ + r_=n). Now we take a compact subset A C Q. Then there are two

+

closed rectifiable curves F+, I_, completely in the right resp. left half plain, so that

for all X @ A all eigenvalues of A(A) are enclosed by either P+ or [ .

Now let «
L ad . k
P(A) === [ (z-a0n""a KB () = (3.4)
+ T o2ni r Z, TankP, T, :
+
1 -1
P (X)) = — f (z - A(X)) dz, rankP (X)) =r . (3.5)
- 2mi T - -
be the total projections onto the direct sum of invariant subspaces associated with N |

eigenvalues of A()) with positive resp. negative real part.
From Kato (1966}, Chapter 2 we conclude that P+, P_ are holomorphic in A®, the f
interior of A.

The general solution of the problem (3.1), (3.3) is

ot
+ 1

ACM))P_(ME, gec” (3.6)

y(t,)) = exp [Z

-6~




Theorem 2.4, (iil), implies that there is a n x r_ matrix V(i) of full rank and
holomorphic in A® which spans P_(X)Cn- Therefore we can rewrite (3.6) and get,

inserting into the boundary condition (3.2)

r

A(A) JVixyn=0, nec (3.7

a+ 1

F(A)n = B{A)exp |
assuming that B(A} 1is a r_xn matrix. Every pair (u,n), n # 0 which solves (3.7)
determines a solution of the eigenvalue problem (3.1), (3.2), (3.3) by

ta+1
y{t,u) = exp (;—;—1 AW V(pn . (3.8)

A(})
a+1

Our assumptions guarantee that F()) z B(\exp | ) V(1) is holomorphic in A°, so we
get from Chapter 2

Theorem 3.1. Let B(A) be a r_ xn matrix. Then either all ) @ Q@ are eigenvalues of
(3.1), (3.2), {3.3) or every compact subset of § contains at most a finite number of
eigenvalues. If y is an eigenvalue of (3.1), (3,2), (3.3), the dimension of the
nullspace is between 1 and r_.

Now we want to approximate the eigenvalue problem (3.1), (3.2), (3.3) by finite

interval problems:

% = c“n(x)x,r, 1<CECT, T 1 (3.9}
BOOx, (1) = 0 (3.10)
SOIx (1) = 0 (3.11)

where S()\) is a r, xn matrix whose choice will be discussed later.

We write the general solution of (3.9) as

a1 LT o
T3 AV VOO + exp (

t
% (t) = exp (a A()\))W()‘)n+ (3.12)

where the columns of the n x r, matrix W()), which is holomophic in A°, span P+(l)cn.

Evaluation at the boundaries and using (3.10), {3.11) gives the n x n block system

~7-




a1 k!
rA(X) 3 " - T N .
B(A)lexp e 1,.V(X) B( X)exp ~_§—:—T_— A(X),W(x); .
PRk (7 =
F{),T = f V=0 (3.13)
i) ! o,
{S()‘)exp ( ACA VD) SN 1
a+ 1 ’ bl
We conclude that
detF(1,T) = detF({1i) + detS{AIW(X) + c(),T) (3.14)
holds, where
1+ 1 Tz.‘*]
f 3 . (= : .15
letA, T)! < const.lexp e A(X) WA BetS( N exp 33 ALA) V() K (3 )

Let v ()) be the largest negative real part of the eigenvalues of A(A) and let y (})

be the smallest positive real part of the eigenvalues. Then (3.15) reduces to

at+1

a + 1

el ) € const(Mexp ((v_(X) = v (X)) ) (3.16)

where const{l) is bounded when ) varies in a compact set. Now we prove the convergence

theorem.

Theorem 3.2: Let the r, xn matrix S{(A) be holomorphic for A € Q@ and assume that
detS(AW(A) # 0 for A @ Q. Let u €  be an eigenvalue of (3.1), (3.2), {3.3) of

order s, i.e. detF()) has a zero at X = y of order s. Then there are exactly s

1
eigenvalues ,...,us (counting multiplicities of the zeros of detF(A,T)) for T
Hp b

sufficiently large in a sufficiently small neighbourhood of y and

: at+1
i ( - Ty
max Iur ul € const. exp ((v_(w V+(U) + €) ey (3.17)
i=1(1)s
a+1
_ - oy 2
Jup = wl € const. exp [(v_(w) - v () + & el (3.18)
[}
1 .
where up =2 S H; and ¢ > 0 is sufficiently small. Let X be an eigenfunction
i=1
belonging to one of the u;'s. Then
Tcx*l
- < . ( - + 0 (3.19
inf nxT y“[1,T] const. exp k(\:_(u) v§(u) €) PYParaT 3 }
yeNu

where Nu denotes the nullspace of (3.1), {(3.2), (3.3) for X = y.

-8~
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Proof. All statements follow immediately by regarding (3.13) as perturbed eigenvalue

problem of

.
!B(X)exp Ao 0

i (2) =0 (3.20)
L 0 SCOWO)

(which is equivalent to (3.7)) and by applying the Theorems 2.1 and 2.2.
Now we discuss a possible choice of S()\). Let the rows of the L nematrix Sp(A)
T . .
span the range of (P+(x)) (the superscript denotes transposition). Then the asymptotic

boundary condition

S (Mx _(T) =0 (3.21)
P T

fulfills the assumptions of Theorem 3.2. Moreover

ot

P_(Nexp (a 5 AV 20, req (3.22)

holds. Therefore, using the boundary condition (3.21), the matrix in the (2.1) position in
(3.13) vanishes for all T > 1 and the approximate problems (3.9), (3.10), (3.11)

reproduce the eigenvalues and eigenfunctions of the problem (3.1), (3.2), (3.3) exactly.

4. GENERAL NONLINEAR EIGENVALUE PROBLEMS ON INFINITE INTERVALS.

We consider the following problem

v' =ty 1<t <Cw, q> =1 (4.1)
B{My(1) =0 (4.2)
y € C({1,=]) (4.3)

where A(t,)) 1is an n x n matrix holomorphic for ) in some domain ¢ and every fixed
t € {1,0] and continuous in [1,»] x 8. Also B 1is holomorphic in ¢. We assume that
there is a domain 0 C §, so that the matrix A{e,X) has no eigenvalue v(}l)} on the
imaginary axis for X € Q. As in Chapter 3 we take any compact subset A C 2 and

construct the projections p+(x), P_())

fem e e aam

el it diats.




1

-1 R
POV = o [ (z - Al=,0)) Az, rankP (X) = £, (4.4)
T
+
P (M) = =— [ (z - Alm,A\)) 'az, rankp (A) zr . (4.5)
~ 2ni r - -
The contours F+, r_ are chosen as in Chapter 3. We set
Al=, 1)) o+t
#(t,2) = exp (;—:—;— t ) (4.6)
and define the operator HA : C([8,0]) » C([§,®)) for & »1
t
. -1 a
(H @) (t) = ¢(t, 3) / P (A¢ (s.X)s"g(s)ds +
t . (4.7)
+ote,n) f Pt (s,xs%(s)as
§
so that qu 8 C{[5,»]) 1is a particular solution of the problem
y' o= t%e, 0y + t%(t), t > 5, gectis,=) . (4.8)

An analysis of Hx can be found in de Hoog and Weiss (1980a,b). P+, P_  are holomorphic
in A® for every (fixed) t € (§,»] and continuous for t € (1,»]. Then it is an easy
exercise to show that (ng(-,X))(t) is holomorphic in A° for every fixed t e [§,=).

From de Hoog and Weiss (1980a,b) we conclude that

HH .9
Aulé,wl < C(H) (4.9)
where C()) 1is independent of §.
Now we show that C()) remains bounded when 1\ wvaries in compact subsets K C A°,
From (4.7) we derive
© t

< max ([ #F (t,s,2)1ds + [ WF_(t,s,))1ds) (4.10)

tH A
(8, ters, = t 5

where

-10-




R ‘ ' | .

(a) F (t,8,)) = s“o(t,k)9+(X)¢-1(s,X), A C A
(4.1%1)

(B) F_(t,8,0) = 8%(t, IP_(M)g (8,0}, AcC A
holds. We transform A(®,)) ¢to its Jordan canonical form J(e,A}:
. Ale,)) = EQOI (=, DE (D), rea (a.12)
and assume that J(«,)) has the block structure
J(=, ) = dlag(IL(A), (AN (4.13)
where the r, xx, matrix J:(X) contains only elgenvalues with positive real part and the
r_xr_ matrix J:(A) contains only eigenvalues with negative real part for all 1 e Q.

Defining the diagonal projection

D+ = diaq(!r*,O), D_ - diag(O,Ir ) (4.14)
we get
P,(A) = E(AD,ET (A, EB_(M) = E(MD E (M), e (4.15)
and obtain
+
— ston
qaxp(m+ 3 ('r“”~sa”)) 0]
(a) F (t,5,0) = s°E(N) e
| 0 0
(4.16)

(b) F_(t,s,0) = s"E(}) E ()

I
L 1
0 exp(‘u—ﬁ (tm - s(r"\))

J

Obviously, F+(t,s,-), F~(t.s,-) are holomorphic in A°® for fixed s,t.
Each entry of F*, F_ is a sum of the form
t Voo

r
£ (t,s,)) = s E ai(X)exp (
t 1=1

b]
o1 ety eatt ety (4.17)

2+ 1 (t

where vI(X) are the eigenvalues of J:(x) and v;(X) are the eigenvalues of J;(x).

-11=
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The integers ji fulfills 0 < ji < (r+ - 1) resp. 0 ji <{r_ - 1), ai(A) is a sum
of products of elements of E(A) and 5-1(X).

Now we take a compact subset K C A°. It follows from Kato (1966) that E(), 5—1(A)
can be chosen holomorphically in K - (z1,...,zn} where the z; are points at whica
eigenvalues vf(k) change algebraic or geometric multiplicities. Also J(i) is
holomorphic in K - {z’,...,zn}. Without loss of generality we assume that none of the
z;'s lies on the boundary 3K. If that happens we can choose a larger compact set XD K,
so that (z1,...,zn} M 3K = ¢. Since the entries ft(t,s,x) are holomorphic in K, they

take their maximum at the boundary K. The coefficients ai(X) and the v:(k) are

continuous on 3K and therefore

max Ift(t,s,x)l < (4.18)
Aex
ct
. 3 3 :
<r, o s® max la. (M) max (exp( i 3 TP (e - sa*1ll]
T S ocicr, @
j=1(1)r
j=1(1) +
+ - -
where cf = min Re vi(X), ¢, = max Re v,(}1) hold. Therefore we get
A€3K A€ 3K
a ¢ ol okl abl ekt
(a) max IF (t,s$,))) < c (K)s max (exp( (t - s ) )(s t ) (4.19)
+ 1 i \ a+ 1 /
AeK 0<ikr
+
and
c
- 1 1.1
{b) max lF_(t,s,X)“ < const. s max (exp(——:—T (t0*1 ~ sa+1))(tCt+ sa+ )1) (4.19)
Aex 0cigr_ @
will 0 < c, = min c+, 0>c_ = max ¢, and 0 < i <n hold.
i=1(r i=1(Vr
+ -
Using (4.10) and the estimates derived in Markowich (1980b) we get
max KH ) < C(X) {(4.20)
\EK A {8, ]
where C(K) 1is independent of &.
-12~




We rewrite (4.1) as
y' = t%=, 0y + t2A(E,A) - Ale, )y (4.21)
setting
G(t,2) = A(t,)) - A(w,]) (4.22)
We get from (4.21)

r

G(+,M)y)(t), nec” (4.23)

yle) = ¢, V(X)n + (HX

where the columns of the (n x r_)-matrix V(}), which are holomorphic in A®, span the
range of P_{()). The assumptions on A(t,)) guaraniee that there is a § » 1, & = §(x),
such that

1G(+, M) 1 <

16, ) for all X & K (4.24)
! 2C(K)

where K is any compact subset of A° and C(K) 1is as of (4.20). Therefore

max .HXG( PR A |

1.
Aex

{8, (4.25)

This implies that I =~ HXG(-,A) : C([§,°}) +» C([8,#)) 1is nonsingular for all X € K and

r

y = (I - HAG(~,X))-1¢(°,X)V(X)n, nec (4.26)

holds. y is defined for t € (§,»] and all X € K. The series expansion for the
n xr_ matrix
B8 = (T = K600 6e, MV (E) (4.27)
is given by
Y_(e,2) = 3 (HAG(-,X))i¢(-.X)V(X) e c([6,»]), rex (4.28)
(k) °

The partial sums (t,X}) of this series are holomorphic in ) e X for all fixed

t € [§,=] and because of (4.25) we get

-13-




lwik)\t)l <

%) max N(«, XIVIX)E (4.29)
i

0 26K (8,

[t

#(t,A)V(1) 1is holomorphic in A* D K and therefore the partial sums are uniformly
bounded on K and so w_(t.k) is holomorphic in A @ R for all fixed t e [8,2). By
continuation w_(t,x) is holomorphic in X € R for all fixed t € [1,=].

Inserting into the boundary condition (4.2) gives the finite dimensional eigenvalue

problem
r

By (1,\)n=0, nec (4.30)

F(A)n
where B()) 1is assumed to a r_x n matrix. Given now any compact subset 6 C Q we
choogse A, K such that A® DK, E D 8., So F()A) is holomorphic in 6 and Theorem 3.1
holds for the problem (4.1), (4.2), (4.3). Therefore, excluding the trivial case, all
eigenvalues in § are isolated and the dimension of the nullspace is between t and r_.

Now we prove the asymptotic estimate for y_(t,A):

ot
- t
max My _(t,)) 0 < const. exp(( max Re v, (}) + ¢€) )
88 2836 i a+ 1 (4.31)
i=1(1)r_

where v;(x) are the eigenvalues of A(w,)) with real part less than zero and € > 0 |is
sufficiently small so that the exponent has negative sign.
1f there is one (or more) of the singularities {z1,...,zN} of E()X) on the boundary
39, we take a larger set 81 such that 8 C 61. e1c K and {z1,...,zN} N 361 = ¢

Then we derive as in (4.18)

att
a + 1) (4.32)

max 1(t,A)§ < const. exp(( max Re v;(k) + e) .
reg xeae
i=1(1)r_

The necessity to add ¢ > 0 1in the exponent comes from the possibility that 6 might have

to be changed to 61 described above and from the possible occurence of powers of

|tu+1 - sa+1l. A sufficiently small change and the continuity of the eigenvalues assure

that ¢ is sufficiently small.
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max H(H,G(+,X)¢(+, MI(EIN <
UL
-
< max 1G(e, M0 (f max IF, (t,s,1) 1 max [¢(s,A)0ds + (4.33}
pL-1:] e as xeo
t
+ [ max IP_(t,s,3)1 max 14(s,))1ds)
5 1ee -1

Now (4.19), (4.32) can be used for the estimation of the righthand side of {(4.39). 8 has

to be substituted for K in the definition of cI, c;. Since ¢ > 0 the estimate given

in Markowich (1980b), Chapter 1, Theorem 2.3, can be used and

max I(HXG(°;X)¢(°,X)(t)I < (4.34)
Ae0
- taﬂ ))
< const. max 1G(s+,)\) 1 exp(( max Re v (1) + g)
xe6 (8 Ae28 : o
1=1(1)r_

follows. Repeated use of (4.34) and (4.28) gives (4.31)

As in Chapter 3 we investigate the approximating 'finite' eigenvalue problems:

x3 = t“A(t,x)xT, 1<CECT, T 9 (4.35)
B(A)x, (1) = 0 (4.36)
S(A)x,(T) = 0 (4.37)

where S(}A) is a suitably chosen r, xn matrix whose entries are holomorphic in Q.

Rewriting (4.35) as

Xy = :“h(w,x)x,r + t“G(t,x)xT, 1<t <T (4.38)

where G(t,\) is defined as nf (4.22), we set

-1
Xp = (e, MIV(AIN_ + 4(t, M) (T,A)W(X)n+ + (H TG(*,A)XT)(t) (4.39)

A:

where the columns of the n x r, matrix W(A), which can be chosen holomorphic in A°,

span the range of P+(A) and HX . c{{§,T1) » c([§,T]) 1is defined as

g = HAQ (4.40)

H
A, T T

for ge C((§,T]), 1< §<T and

-15~
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gl(t), § <t T
qT(t) = (4.41)
g(T), t > T

has been set.

Given a fixed eigenvalue ) = 1, 8 Q of (4.1), (4.2), (4.3), we take a compact subset

K C A* with y € XK and conclude from (4.20),

max §H ] < max WH 1\ < C(K) (4.42)
26K x,T (8,7] AEK A6,

and therefore there is a fixed § = §{K) > 1 such that
1
max WM Gle,2) 0 <= (4.43)
€K A, T {8,T] 2

holds so that (I - H\ ,I,G(-,)‘))-1 exists for all ) € K as an operator on C({§,T]). We
Ar

get from (4.39),
Xp = (I°By o
on (§,»]. The analyticity of

Gl AN T gl IVOIN_ + (-8, 60 AN T 8 067 (T AN, (4044

(a) POLLEN) = (X = B GCe AN gl VI () (4.45)

AT
-1 -1
(b) Tw+(t,l) = ((I ~ HA’TG(-,X)) $Ce, M) ¢ (T, MWAN(E) (4.45)

in X for t € [§,T] follows as the analyticity of w_(t,x).

The n x r_ matrix Tw- resp. the n x r, matrix Tw+ fulfill the equations

(a) Tw_(',X) - (HA,TG("X)TW-("X))(') = $(*, AIV(R) (4.46)
~1

(b) Tw+("l) - (HX'TG(°,k)Tw+(',X))(-) = (e, X4 (T,N)IW(}) (4.46)

Similar to de Hoog and Weiss (1980a) we derive Some properties of Tw-' Tw+' From (4.27)

and (4.46)(a) we get for TZ_ = TW- -9

PP =By g0 N2 (B Gle M = KGNy ) (4.47)

-16=
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and therefore we get by regarding G{e,A)y (s,}) € c([(s,T])

-1
. - . = - . - ., ., , .48
Tw (e, ) Y (e, ) (1 HA,TG( JA)) (H HX)G( MY (e,)) 8 C{[ST]) (4.48)

AT

Obviously for g e C([8.T]) and t € {§,T]

T

((H, o= H)@IE) = (¢, ) i P+(A)¢-1(a,x)sa(9(T) - g(s))as = (4.49)

AT

T
- -1
=~ e, 08 T 0P, (00T [ BN s, N8%g(T) - gls))ds =
L]

= 80t 06 T, WA Y(g,T)

r
where v(qg,T) € C + holds and therefore

(=BG A9 (4 A (1) = (8, )67 (T, WL,

HX,T
is fulfilled. FT is a T, x r_ matrix. From (4.47) and (4.48) we derive
Tt(nk}= t(ﬁA)+T%(nAH& (4.50)
Therefore the matrix [y _(t,\). Tw*(t,x)] has rank n for all t € [§,T] and is a
fundamental matrix of (4.35).
Instead of (4.44) we can write the general solution of (4.35) as
Xy = Y (B + Ly (€, 00, (4.51)

For the foilowing we need an estimate for Tw+(-,X). From (4.45)(b) we derive

-1
l;:; ITW+(',X) - ¢l N)d (T,A)W(X)I[d',r] <

(4.52)

< const. max KG(,A)é(, 216" (T, WA

\oh (8,7

Using similar analyticity arquments as above it is easy to check that the right hand side

of (4.52) can be estimated by

- 1
w(T,x) = max (max nG(t,X)lexp(: " f (t“+ - Ta*‘)]

te(§,T] X6

(4.53)
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w*——-——.———-——-—-——————_—_—_&

where « = «{(8) = min Re v+(l) and e > 0 sufficiently small.
€38
1'1(1)1-+

Obviously 1lim w(T,x) = 0 and we get after continuation to [1,T]

T

-1
lim Ia, Cerd) = (s 2D ¢ (T,X)W(X)l[1,T] =0 (4.54)
Taco

uniformly for A € 6.
Now we evaluate (4.51) at the boundaries t = 1,T and use the boundary conditions

(4.36), (4.37) getting the n-dimensional nonlinear eigenvalue problem
n B(Ay_(1,2) B(A)Tw+(1,X) n

F(A,T)(n') = (n') =0 {4.55)
4 SONY_(T, N SO, (T, 1) +

b

Interpreting (4.55) as perturbed eigenvalue problem of

B(MY_(1,2) 0 :
(M=o (4.56) 4

0 S(AW(A) + o(T,))
we get with F(X) = B(A)y_(1,1):

detF(),T) = detF()){detS{A)W(X) + o(T,))) +

(4.57)

+ O(ITW+(1,X)H o BS(M)y_(T, A1)

where

lo(T,2)] +0 as T + = (4.58)
uniformly for X € 0. ,
Assuming that S(M)W()) 1is nonsinqular we get by cancelling detS(A)W(X) + o(T,))
and by applying the perturbation arguments of Chapter 2: !
Theorem 4.1. Let the r, xn matrix S(A) be holomorphic for X € @ and agssume that

detS{A)W(X) # 0 in Q. Let py e Q be an eigenvalue of (4.1), (4.2), (4.3) of order

8, i.e. detF(1) = detB(M)y_(1,)) has a zero of order s at X = y. Then there are
exactly s eigenvalues u;,...,u; (counting multiplicities of the zeros of detF()\,T))

for T sufficiently large in a sufficiently small neighbourhood Eu of up and
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1

o+ 1
i = 8 T
- . +x(S —— .59
1-??:)s|u ul < const. (w(T,x( u))] exp((v_{(u) + €) yrrarsd) {4.59)
where v_(u) = max Re v;(u) and w(T,x) 1is defined in (4.53) and ¢ > 0 is
i=1(N)r_
sufficiently small.
- - Ta+1
fuy = ul < consat. w(T,K(Su))exp[(v_(u) + e 3) (4.60)

8
ﬁr - % Z u; has been set. Let X be an eigenfunction belonging to one of the u;'s.
i=1
Then
1 at1
- 8 T
;:: Ix, ~ Y'[1,Tl < const. (w(T,x(su))) exp((v_(u) + €) ;T;—:—TT) (4.61)
v

holds where Nu denotes the nullspace of (4.1), (4.2), (4.3) for X\ = yu.

These convergence results are the extension of the convergence results for linear
eigenvalue problems given in Markowich (1980). The orders of convergence ohtained there
hold without any change for nonlinear problems.

A possible choice for S()) is given by (3.21), i.e. the rows of the holomorphic

r, xn matrix S()\) = SP(A) span the range of (P+(X))T {(the superscript T denotes
transposition). This choice reproduces eigenvalues and eigenvectors exactly in the case
that A does not depend on t. However, in the general case this does not hold anymore
but in some important cases the asymptctic boundary condition sp(x)xT(T) = 0 implies a
faster order of convergence than given in Theorem 4.1. Assume that A{(t,)\) decays
algebraically or exponentially:

Y -a(t)

A{t, ) = A()) + O(t'e ) for t + = (4.62)

uniformly in compact subset K C Q where Yy € R and a(t) » 0 is a real function such

eYe ()

that + 0 as t + ®» Then since Sp(x)o(T,X)V(X) 0 we get from (4.46a)

1S (MY _ (T = 1S (M (H.Gle, M) P_( ¢, TIN <
P v. P A v

a(T) ~ ot
< const. T'e exp(( max Re v (A} + ¢)

i=1(1)t_

)

a+ 1
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This follows from the estimates given in Markowich (1980b) applied to (4.27). 1In this case
the right hand‘side of the estimate (4.58), (4.61) given in Theorem 4.1 can be multiplied
by (TYe-a(T)); and the right hand side of (4.60) can be multiplied by TYe_a(T).

Now we consider the case of simple eigenvalues of (4.1), (4.2), (4.3). Since we only
have defined simple eigenvalues for nonlinear finite-dimensional eigenvalue problems we
give
Definition 4.1: An eigenvalue y @ @ of (4.1), (4.2), (4.3) is called simple if the

corresponding nullspace is one dimensional, say it is spanned by the normed vector vy, and

if the problem

vt - %t v = tan(t,u)y(t) (4.63)
B(uV(1) + B, (wy(1) = 0 (4.64)
vec(l,«) {4.65)

has no solution. Now we gshow
Theorem 4.2. The eigenvalue yu of (4.1), (4.2), (4.3) is simple iff y is a first order
zero of detF(\) = 0.
Proof: Since y is an eigenvector corresponding to the eigenvalue y € Q
y(t,u) = ¢ _(t,ulg

r
for some £ @ C  holds. Obviously

Yx(t:u) = %} y_(t.wE
is a particular golution of (4.63), (4.65) therefore the general solution of (4.63) is
vit) = y_(t,u)B + y,(t,u), BE€ cr'
Inserting into (4.64) gives
RO (1,08 = ~(B0w §5 v_ (1w + B (wy_(1ung
or
F(ulg = -Fx(u)ﬁ .
This equation is unsolvable (for g) iff the generalized linear eigenvalue problem
(Fly) + «F (W)Y =0 has x = 0 is an eigenvalue with geometric and algebraic

A
multiplicity 1. This holds iff det F()X) = 0 has a first order zerc at X\ = .
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Now we show that approximations for an eigenvalue-eigenvector pair (1,y) can be
computed - in the case that )\ 1is simple - as solutions to nonlinear 'finite' two point
boundary value problems. Lentini and Keller (1980) did computation pursuing this way.

We set, assuming that y € 2 is simple

T % 2
Vppq = We 2= (¥ oeansy oy ), 121 yi(n =1 (4.66)
and get from (4.1), (4.2), (4.3)
Z4
A(t'zh+1) z:
zt = ¢% Tl = e%(t,2), 1Kt < w (4.67)
0
z1(1)
Blzpe M)
z (1)
n = b(z(1) = 0 (4.68)
22
I ozien -1
i=1
zecif1,e) (4.69)

The condition % yi(1) = 1 shall sort one eigenfunction y £ 0 out of the one
dimensional eig::;pace.

(4.67), (4.68), (4.69) is a singular two point boundary value problem as degcribed by
de Hoog and Weiss (1980a,b), Markowich (1980a,b,c) and Lentini and Keller (1980). Since
all eigenvalues in Q are isoclated and since y is simple the solution

z = (y1,...,yn,u)T of (4.67), (4.68), (4.69) is locally unique. Now we will show that =z

is isolated, i.e. the linearized problem, has only the zero-solution. We get for the

. T
linearized problem with u = (u1,...,un,un+1)
Alt,n) A Eaudyle)
u = t? u (4.70)
0 [4]
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B{u) BA(U)Y(1)
T u{(1) =0 (4.71)
2y( 1) 0
]
4
ue clit,e) (4.72)
Setting v = (u1,...,un)T we derive
(a) vt - R, v = un+1tck)‘(t,u)v (4.73)
{b) W T const. (4.73)
(a) B(ulv(1) + un+1(1)Bx(u)y(1) =0 (4.74)
(1) yinTviny = o (4.74)
veciil,e). (4.75)

Because of Definition 4.1 the problem (4.73), (4.74), (4.75) has no solution unless
un+1 # 0. If un+1 # 0 then v has to be an eigenfunction of (4.1), (4.2), (4.3),
therefore v = cy for some constant c¢. (4.74)(b) gives ¢ = 0, such that u = 0

follows as the unique solution of (4.70), (4.71), (4.72). Therefore, we conclude from

Markowich (1980b) that the infinite problem (4.67), (4.68), (4.69) can be approximated by

finite interval problems of the form

I\
wé =t f(t,wT), 1<t <T {4.76) b
b(wT(1)) =0 (4.77)
S(wT(T)) =0 (4.78)
+
where w_ = (w1,...,wn,wn 1)T and (w1,...,wn) is the approximation to the eigenvector
T T T T T T
n+t X . . n+1 r+ . .
y and WT is the approximation to A. The choice of § : R + R is explained in
Markowirh (1980b). The analysis given here shows that we can take
w1(T)
n+1 T. )
S{w, _(T)) = S_(w (7)) . (4.79)
T p T .
wn(T)
T

The superscript T denotes transposition. Markowich (1980b) showed that the solution

wp is locally (around 2z) unique for T sufficiently large and that
1z - w i € const. MS(z(T))l = const. S (u)y(T)N (4.80)
L MER Y ) p Y
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holds and therefore we get the order of convergence given in Theorem (4.1) with 8 = 1,
because the boundary condition (4.78) is equivalent to (3.21).
If (4.63) holds the order of convergence is
'“r - ul € const. TYexp(( max Re v (1) + €) - a(T))

=1 (nr_ *

and the same holds for the normed eigenvectors.

S. CASE STUDIES.

The first problem we treat is the so called radial Schrddinger equation of the Kepler-
problem (see Jirgens-Rellich (1976), Chapter 3, par. 9) which is given by
s { el c2er Mus o, 1crce (5.1)
where £ € uo, c € R holds.

The transformation

y = (y1,y2)T = (u,u')T (5.2)
takes (5.1) into the system
0 1
y' = -2 -1 Y, 1 €r< =
(1 + 2)ar - 2cr + A 0 (5.3)
g —
T
Alr,\)
such that
0 1
A(w,}) = 5.4)
b 0
holds.

The eigenvalue problem (5.3) is linear but we will construct the nonlinear (in 1)
asymptotic boundary condition Sp(x).
The Jordan form J(=,)A) of A(«,1) is
/A o 1 0 0o 0

J(=, 1) = _|er,=1%r_=1,D = D = (5.5)
0 -/ 0 0 0o 1
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and therefore the set = {) € C|Re(V¥X ) # 0} is given by

2=0C~- {ARe x <0} . (5.6)
With appropriate boundary conditions of the form

31Y1(1) + Bzy2(1) =0 (5.7)
we conclude from Chapter 4 that every eigenvalue X € Q of (5.3), (5.7) is isolated and
that the dimension of the nullspace equals 1.

A complete analysis of the problem is given in JUrgens and Rellich (1976). They show

that there is an infinite sequence of eigenvalues X(n)
™o rem™ VaenN (5.8)
and the eigenfunctions y(") are given by

/ +1 / + -
y(n)(r) exp(— A(n) r)rl pn(r) = exp(- (n) r)rl n+1(1 + 0(r 1)) (5.9}
because pn(r) is a polynomial in r of degree n. They assumed that a1 = sin a,
a2 = cos o with a € (0,=).

A straightforward calculation gives for i e Q

1 1 1
/A - . U z 2N
E()) = , E (X) = ’ P+(X) = N (5.10)
X ) 1 1 )y 1
-2X = 2 2 J
and therefore, since P+(X) = E(x)D+E-1(X)
S (0 = vy, 1 (5.11)
holds.
The approximating problems have the form
Xp = A(r,x)xR, 1<r ¢<R, R > 1 (5.12)
[a1,azlxR(1) =0 (5.13)

T

%) (5.14)

(/A% (R) = 0= /3 x;(R) + x;(R) =0, x = (x; i
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Since A(r,A) = + O(r-1) and since w(R,Re/i ) < const. R-1 the convergence
b 0

analysis given in Chapter 4 gshows that

(n) _ (n) (n) _ _(n) MR ganes

e by -y I“R])<ce (5.15)

max( |2
(n), (n) (n)
under the assumption that the ) s are simple. The XR ‘s resp. xR ‘s are the
eigenvalues resp. eigenvectors of (5,12), (5.i3). (5.14) which approximate

A(n) resp. y(n).

(5.15) follows by using w_(r,x(“)) = (y(n)(r), g; y(n)(r)]T. Therefore the estimate

{4.81), where £ appears in the exponent, can be improved using (4.57). From Markowich
(1980a) we conclude that every boundary condition SxR(R) = 0 where S is independent of
X and where

se () #0 fn @ (5.16)

holds, leads to converqence of the order

(n) (n) (n) (n)
- lovy -

max{ |2 A g 1(1'R]) <
(5.17)
< e ty'™ (RIWR,Re(/X 1) < ¢ exp(-A(") R)RMT
Setting 8§ = (81,82], 5,9, e C, (5.16) is fulfilled iff
s, +s. /%0 (5.18)
1 2
holds. For example the natural boundary condition
1
xR(R) = 0 (5.19)

fulfills (5.18) (s1 =1, 52 = 0) and the order of convergence, given by (5.17) differs
only by one power of R from the order of convergence produced by the 'optimal' boundary

condition (5.14).
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The second problem we deal with is the Orr-Sommerfeld equation (see Ng and Reid
(1980)) which governs the stability of a laminar boundary layer in a parallel flow
approximation.

4

S - a’)e - UNz)g) = 0 (5.20)

w &5 - a®)% - {uez) - 2
dz dz

with o > 0, R > 0 1is the Reynolds number, U(z) is the velocity distribution fulfilling

2
Ulz) = 1+ F(z)e ™ ® , w>0, Feci(o,«) (5.21)

such that U(») = 1, U"(w) = 0 holds. ¢(z)ei°(x-xt) represents the disturbance stream
function. The boundary conditions for the Orr-Sommerfeld problem are,
$(0) = $'(0) = ¢(») = $'(®) =0 (5.22)
The substitution
y o= (460,46 (5.23)

gives the linear elgenvalue problem

o 1 o o o o o o
. o 0 1 o0 o o o o
v = o o o 1{**l o o o of Y 0cz<e
£,0z) 0 £.(2) 0 a 0 b 0 (5.24)
. - .
Alz, )
1 o o o
y(0) = 0 (5.25)
0 1 0o o
y € c([0,=)) (5.26)
where
4 2
(a) £,(2) = ~(a" + iaR(aU(2) + U"(2))) (5.27)
(b) £,z) = 26° + LaRU(z) (5.27)
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(c) as= 1a3R (5.27)
(d) b = -iaR (5.27)
holds. The eigenvalues of A(w,)) are

y&

1
72 rv3(d) = —av(2) = -(a® + 1aR(1-3))

v () = vy (A) = (a® + LaR(1-2)) (5.28)
80 that Re v1(X), Re vZ(X) > 0; Re va(X), Re v4(x) < 0 for all
Axea=c- {AlRe A= 1, In) <=2} All eigenvalues A @R of (5.24), (5.25), (5.26)
are isolated and the nullspaces are at most two-dimensional.
The approximating problems have the form

xé - A(z,x)xz, 0<z<2 (5.28)
xz(O) =0 (5.30)
S(X)xz(z) =0

1 3 4
where xz = (xz,xz,xz,xz) holds and ) € Q.

As for the first example we calculate the ‘optimal’ boundary condition S(A) = SP(X)

0 1 vz(x) avZ(X)
S ()) = (5.32)
) o4

10 =0+ a0 4 o) man, (D, + a)
2 - z2
Since A(z,)) = A()) + O(z e ) holds we get from (4.81) for simple eigenvalues

A= pyeq

max(|p - uzl,ly - le[olz]) <

2 (5.33)

< const Zze-wz w(Z,min(a,Re vz(u)))exp(max(-a,Re v4(u) + £)2)
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where y,x, are the normed eigenfunctions. 1In the most interesting case
a < |Re vd(x)l < 1 the order of convergence is zzexp(-mz2 - 2{a ~ €)Z), €> 0
gufficiently small, and linear asymptotic boundary conditions, for example
1 2
x (2) = x (2) =0 (5.34)
z z
achieve a slower order of convergence, namely exp(-2(a - €)Z) (see Markowich (1980a)).
For this problem the nonlinear asymptotic boundary conditions achieve a much faster
order of convergence.

Numerical experiments were performed by'Ng and Reid (1980).
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